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Two-Degree-of-Freedom Control of an Actively
Controlled Wind-Tunnel Model
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A robust two-degree-of-freedom controller is designed for an actively controlled wind-tunnel model. The wind-
tunnel model is geometrically similar to the High Incidence Research Model that was used in the design challenge
set up by the Group for Aeronautical Research and Technology in Europe. The design procedure with which
the two-degree-of-freedom controller is designed is based on standard two-degree-of-freedom H1 loop shaping.
This design procedure enables the designer to meet time-domain speci� cations, de� ned with respect to the transfer
matrix from references to controlled outputs(or a subset of the controlled outputs), accurately and robustly, subject
to a robust stability constraint. The controller is � ight tested and very satisfactory performance is achieved.

I. Introduction

TWO-DEGREE-OF-FREEDOM control arises from distur-
bance rejection being entirely decoupled from nominal track-

ing (for example, see Ref. 1). Therefore, the control system designer
can use one degree of freedom (DOF) to meet the disturbance re-
jection (and/or robust stability) requirements and the other DOF to
meet the nominal tracking requirements. The design of two-DOF
(2-DOF) controllers has received a lot of attention in the control
literature, for example, see Refs. 1–5 and references therein.

In � ight control, robust tracking of the pilot’s commands is very
important. Designing 2-DOF controllers that meet robust tracking
speci� cations has been the subjectof many papers, for example, see
Refs. 3, 4, and 6. The designproceduredetailedin Ref. 3 and referred
to hereafter as standard 2-DOF H1 loop shaping has been used to
design � ight control laws for the Westland Lynx multirole combat
helicopter and the National Research Council of Canada’s Bell 205
airborne simulator. Both control laws were tested thoroughly, the
former in ground-based simulation and the later in � ight, and both
performed very well.7;8

Many H1-based 2-DOF controller design methods employ an
ideal reference model to enforce nominal and robust tracking re-
quirements, for example, see Refs. 3 and 6. An alternative method
that does not use an ideal reference model is presented in Ref. 9.

The aim of this paper is to design a robust 2-DOF controller for
the High Incidence Research Model (HIRM) wind-tunnel model.10

The procedure used to design the 2-DOF controller enables the de-
signer to design systematically controllers that meet time-domain
speci� cations, de� ned with respect to the transfer matrix from ref-
erences to controlled outputs, accurately and robustly subject to a
robust stability constraint. This design procedure is based on the
standard 2-DOF H1 loop shaping setup, but the optimizationprob-
lem solved for controller synthesis is new: 1) The structure of the
problem is exploited by using ¹-synthesis techniques. 2) A robust
stability constraint is included in the optimization.

Before proceeding, H1 loop shaping will be reviewed. The H1
loop shaping design procedure, which was proposed by McFarlane
and Glover,11 is a very sensible and appealing procedure for de-
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signing robust controllers.12 It is a combination of loop shaping13

and robust stabilization and is described hereafter:
1) Shape the singular values of G open loop with frequency-

dependent weights W1 and W2 according to closed-loop objec-
tives. [G denotes a linear time-invariant (LTI) model of the plant
for which the controller is designed.] The weighted plant G s D
W2GW1 D QM¡1 QN , where f QM; QN g is a normalized left coprime fac-
torization (LCF) of Gs , is depicted in Fig. 1.

2) Minimize the H1 norm of the transfer matrix from distur-
bances w1 and w2 to errors z1 and z2 over all stabilizing controllers
K1 , that is,

min
stab K1

®®®®

µ
w1

w2

¶
!

µ
z1

z2

¶ ®®®®
1

D °RS

Check the achieved °RS; °RS is a measure of how robust the desired
loop shape G s is to perturbations1 QM ; 1 QN 2 RL1 of its normalized
coprimefactors QM and QN . (The spaceRL1 consistsof all properand
real rational transfer matrices with no poles on the imaginary axis.)
Note that 1 QM and 1 QN can be regarded as low- and high-frequency
loop perturbations,respectively. (By the term loop perturbations, it
is meant perturbationsto the output and input loop transfermatrices
de� ned as GW1 K1 W2 and W1 K1W2G, respectively.)

3) Choose the position of K1 in the loop. Model reduce the
controller and design the command pre� lters.

4) Check time simulationsand frequencyresponses of the result-
ing closed-loopsystem to verify robust performance.Iterationsmay
be required.

The theoretical basis for H1 loop shaping is that K1 does not
modify the desired loop shape G s signi� cantly at low and high
frequencies if °RS is not too large.11 Therefore, the designer can
de� ne performance objectives by shaping the open-loop model G
with weights W1 and W2 .

The synthesizedcontrollerK1 can be implementedin threeways:
in the forward path, in the feedback path, and in the observer form.
(For details about how to implement K1 as an exact observer of
Gs with state feedback see Appendix A.3 of Ref. 14.) The block
diagrams of the closed loops that result from implementing K1 in
the forward path, the feedbackpath, and in the observer form can be
redrawn as shown in Fig. 2. The block K in Fig. 2 can be partitioned
as K D [ OK K1]; thus, if, for example, K1 is implemented in the
forward path, then OK D K1 W2 .

When designing a controllerwith H1 loop shaping, the designer
cannot always shape Tr ! y accurately and robustly according to
time-domain speci� cations de� ned with respect to Tr ! y . (Tr ! y is
the transfer matrix from references r to controlled outputs y; see
Fig. 2.) Assume that the controller will be implemented in the for-
ward path, that is, Tr ! y D .I ¡ Lo/¡1 Lo . (Lo D GW1 K1W2 is the
output loop transfer matrix.) It can be dif� cult to translate the time
response requirementsde� ned with respect to Tr ! y into frequency-
domain speci� cations for Lo . This dif� culty arises because it is not
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Fig. 1 H1 loop shaping standard block diagram.

Fig. 2 Implemented closed-loop system.

alwaysclear how the individualtransferfunctionsof Lo affect Tr ! y .
Even if it is, it is not straightforwardto shape the individual transfer
functions of Lo with the weights W1 and W2. To add to this, the
weighted plant will be modi� ed to some extent by the synthesised
controller K1 , though if °RS and ·.W2/ are not too large [where
·.W2/ denotes the condition number of W2], then Lo will be close
to the weighted plant.11 Furthermore, it is hard to shape Lo so that
in the presence of loop perturbationsnominal tracking degrades as
desired. Similar dif� culties arise when K1 is implemented in the
feedback path or in the observer form.

The preceding discussion motivates the need for a design proce-
dure that retains the appealing features of H1 loop shaping and
enables the designer to design systematically controllers that 1)
meet time-response requirements de� ned with respect to Tr ! y ac-
curately, 2) maintain such requirements to a certain extent in the
presence of loop perturbations,and 3) guarantee some prespeci�ed
level of robust stability with respect to loop perturbations. Many
� ight controller speci� cationsfall into one of these three categories,
for example, single- and multi-loopgain and phase margins fall into
category 3 (Ref. 15).

What follows is a brief outline of the paper. Section II formal-
izes and comments on the guarantees that the 2-DOF controller
must provide. In Sec. III, the H1 loop shaping setup is modi� ed,
and the optimization problem used for controller synthesis is mo-
tivated. Section IV deals with solving the optimization problem,
and Secs. V and VI detail and comment on the design procedure.
Finally, Secs. VII and VIII describe the HIRM wind-tunnel model,
controller design, and � ight-testing results.

The notation employed throughout this paper is standard.

II. Guarantees That the 2-DOF Controller
Must Provide

Assume that the 2-DOFcontrolleris madeupof threecomponents
as illustrated in Fig. 2, and that the model of the plant for which
the controller is designed is denotedby G. The guaranteesabout the
closed-loop system that the 2-DOF controller must provide are the
following:

1) The 2-DOF controller must provide robust stability (RS) with
respect to uncertainty in the normalized coprime factors of the
weighted plant G s D W2GW1:

k[1 QM 1 QN ]k1 · ° ¡1
RS

where ° ¡1
RS is the stability margin.

2) The 2-DOF controllermust providenominalperformance(NP)
with respect to an ideal reference model T0:

kTr ! y ¡ T0k1 < ±NP

where ±NP is the NP level.

3) The 2-DOF controller must provide robust performance (RP)
with respect to an ideal reference model T0:

k OTr ! y ¡ T0k1 < ±RP 8k[1 QM 1 QN ]k1 · ° ¡1
RP

where OTr ! y is the perturbed transfermatrix from references to out-
puts (perturbed due to perturbationsin the normalized coprime fac-
tors of the weighted plant), ±RP is the RP level, and ° ¡1

RP is the
performance margin.

A design procedure that enables the designer to synthesize a con-
troller that comes with the preceding guarantees is only of use if
the designer can choose °RS, T0 , ±NP, ±RP, and °RP in a meaningful
manner. In the rest of this section, a number of observations will
be made about °RS; T0; ±NP; ±RP, and °RP that will demonstrate that
they can be chosen in a meaningful manner.

The stability margin ° ¡1
RS summarizes a lot of information about

the closed-loop system. Some types of RP and single- and multi-
loop Nichols plot tests can all be related to the stability margin.12;15

Engineering experience indicates that if the value of ° ¡1
RS is greater

than 0.2, then the closed-loop system will be robust and behave as
speci� ed.8;10;16

It is easy to translatethe time responsespeci� cationsof eachchan-
nel of Tr ! y into the frequencydomain, that is, into a transfer func-
tion T i

0 , i D 1; : : : ; p, where p is the number of controlled outputs.
This results in a diagonal transfer matrix, diag(T 1

0 ; : : : ; T p
0 ), which

is called the ideal reference model and is denoted by T0. That T0 is
diagonal emphasizes output decoupling. In the case of military air-
craft, the time-response speci� cations of each closed-loop channel
are provided by the MIL-STD. An alternative approach for design-
ing T0 would be to design a controller with a performance-oriented
method, such as nonlinear dynamic inversion or eigenstructure as-
signment, and to use the resulting transfer matrix from references
to outputs as the ideal reference model.

The designer usually has a feel for the type and size of the un-
certainty associated with the nominal plant model. For example,
the nominal HIRM models used in the Group for AeronauticalRe-
search and Technology in Europe (GARTEUR) design challenge17

were supplied with a set of plausible perturbed models. A º-gap
analysis can provide a sensible measure of the desired performance
margin (° ¡1

RP ). Thus,

° ¡1
RP D max

i
±º.W2

OG i W1; W2GW1/

where OG i are the perturbed plant models. For a de� nition and dis-
cussion of the º-gap metric, see Refs. 14 and 18.

The guarantee

k OTr ! y ¡ T0k1 < ±RP

can be used to provide estimates of the step response properties
of OTr ! y (rise time, settling time, and overshoot) if the RP level is
smaller than one, that is, ±RP < 1. The derivation of these estimates
is given in Ref. 19.

Finally, ±NP must be small so that Tr ! y is close to the ideal
reference model T0 .

III. Optimization Problem Solved
for Controller Synthesis

Consider the block diagram illustrated in Fig. 3. Let f QM; QN g be
a normalized LCF of the weighted plant Gs , T0 the ideal reference

Fig. 3 Modi� ed H1 loop shaping setup.
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model, and ½i and ½o positive constants.A normalized left coprime
factor uncertaintymodel is chosen (TÁ ! [y u]T ) and the transferma-
trix from r to z will be used to deduce information about the NP
and RP with respect to T0. The controller K can be partitioned as
K D [K1 K2].

The weighted plant Gs is assumed to have m inputs and p out-
puts, that is, u 2 Rm and r; y; z 2 Rp . It is assumed that performance
requirementsare placed on all of the feedbacksignals; this does not
have to be the case, it is done for notational convenience.De� ne

1 :D fdiag.11; 12/ : 11 2 Cp £ p; 12 2 Cp £ .p C m/g

M.s/ :D f1.s/ D diag.1perf; [1 QM 1 QN ]/2 RL1

: 1.s0/ 2 D ; 8 s0 2 NCCg

Let the transfer matrix from [r Á]T ! [z y u]T be denoted by M
and partition M as

M D
µ

M11 M12

M21 M22

¶

where

M11 D ½o

£
.I ¡ Gs K2/

¡1Gs K1 ¡ T0

¤
½i

M12 D ½o.I ¡ Gs K2/
¡1 QM¡1

M21 D ½i

µ
G s

I

¶
.I ¡ K2Gs /

¡1 K1

M22 D
µ

I

K2

¶
.I ¡ Gs K2/¡1 QM¡1

Consider the following constrained minimization

min
stab K

sup
! 2

¹ [M. j!/] : kM22k1 < °RS (1)

Let

5 D
© OGs D . QM ¡ 1 QM /¡1. QN C 1 QN / : [1 QM 1 QN ] 2 RL1

ª

denote the set of perturbed weighted plant models. (The perturbed
weightedplantmodels in 5 alsosatisfya windingnumbercondition,
see Theorem 1.20 of Ref. 14.) Assume that minimization (1) is
solved and that sup! 2 ¹ [M . j!/] < °RP. It is obvious from the
robust stability constraint that the closed-loopsystem will be stable
for all OGs 2 5 with

k[1 QM 1 QN ]k1 · ° ¡1
RS

The ¹ RP theorem (Theorem 11.9 of Ref. 20) guarantees that
®®.I ¡ OGs K2/

¡1 OGs K1 ¡ T0

®®
1

< ±RP (2)

where ±RP D °RP=.½i ½o/, for all OGs 2 5 with

k[1 QM 1 QN ]k1 · ° ¡1
RP

Equation (2) also guarantees an NP level of ±NP D ±RP, that is, the
guaranteed RP and NP levels are equal. (This will be discussed
further in Sec. VI.)

Therefore,minimization (1) can be used to synthesizecontrollers
that come with the desired guarantees.

De� ne the set

Dl :D fdiag.d I p; I p C m/ : d 2 R; d > 0g

Every Dl 2 Dl is associated with a Dr D diag(d¡1 Ip ; I p ). It can be
shown that for the D under consideration(i.e., block diagonal with
two blocks), at each frequency !

¹ [M . j!/] D inf
Dl 2 Dl

N¾ [Dl M . j!/Dr ] (3)

In general, Eq. (3) is an inequality (·) (see Sec. 11.2.3 of Ref. 20).
Minimization(1)without the RS constraintis a standard¹-synthesis
problem that has not yet been solved. A reasonable approach moti-
vated by Eq. (3) is to solve

min
stab K

inf
Dl .s/ 2 Dl .s/

kDl.s/M.s/Dr .s/k1 (4)

by iteratively solving for K and Dl .s/; this is the so-called D– K
iteration. The set Dl .s/ is de� ned as

Dl.s/ :D fDl .s/ D diag[d.s/I p; Ip C m ] : d.s/; d¡1.s/ 2 RH1g

Every Dl .s/ 2 Dl .s/ is associatedwith a Dr .s/ D diag[d¡1.s/Ip ; I p]
and Dl.s/ and Dr .s/ are chosen so that D¡1

r .s/1.s/ D 1.s/Dl.s/,
where 1.s/ 2 M.s/. For a � xed Dl .s/, minK kDl .s/M.s/Dr .s/k1
is a standard H1 optimization problem. For a given K ,
infDl .s/ 2 Dl .s/ kDl.s/M .s/Dr .s/k1 is a standard convex optimiza-
tion problem that can be solved pointwise in the frequencydomain,

sup
! 2 IR

inf
Dl 2 Dl

N¾ [Dl M . j!/Dr ]

because, given the minimizing Dl across frequency, there is always
a rational function Dl .s/ 2 Dl .s/ whose gain approximates the Dl

across frequency. The cost of Eq. (4) can be shown to decrease
monotonically if the gain of Dl .s/ interpolates the Dl exactly, but
there is no guarantee that a global minimum will be achieved. A
¹-synthesis tutorial can be found in Ref. 21.

Similarly, because synthesisproblem (1) has not yet been solved,
a reasonable approach is to solve

min
stab K

inf
Dl .s/ 2 Dl .s/

kDl .s/M.s/Dr .s/k1 : kM22k1 < °RS (5)

using the D– K iteration.Becauseof the RS constraint,the K step of
the D– K iteration is an in� nite dimensional optimization problem.
It is evident from Eq. (3) that for the D under consideration the
convex optimization problem mentioned corresponds to evaluating
sup! 2 ¹ [M. j!/]. Hence, conservatism from the D step of the
D– K iteration arises only from approximating the minimizing Dl

across frequency.

IV. Solving the K Step of the Synthesis Problem
Minimization (5) is solved by iterativelysolving for K and Dl.s/.

To obtain K for a � xed Dl .s/ optimization problem

min
stab K

kDl .s/M.s/Dr .s/k1 : kM22k1 < °RS (6)

will be approximatedwith a � nite dimensionalproblem.Solving for
Dl.s/ for a given K is done as discussed in the preceding section.

The � nite dimensional problem is derived using the method pro-
posed in Ref. 22, which deals with multiobjective output-feedback
synthesis for multi-input/multi-output LTI systems. The approach
in Ref. 22 is suboptimalbecauseall of the closed-loopspeci� cations
are expressedby means of a singleLyapunov function;nevertheless,
it has been found that the resulting synthesis technique works well
in practice.Furthermore, it is numerically tractable because it leads
to a linear matrix inequality (LMI) problem, which is readily solv-
able usingcommercial software.23 In Ref. 19 it is shown that solving
Eq. (6) amounts to solvingan optimizationproblemwith threeLMIs
and six matrix variables; the decision variables are typically of the
order of the square of the number of states of Dl .s/M.s/Dr .s/.

V. Proposed Design Procedure
The designer uses a precompensatorW1 , a postcompensatorW2,

a constant ½ D
p

.½o½i / (Fig. 3), and an ideal reference model T0

to specify the control system requirements. The proposed design
procedure is described hereafter:

1) Shape the singular values of G open loop with frequency-
dependentweights W1 and W2 according to closed-loopobjectives.
This is done as in H1 loop shaping.Evaluate kTÁ ! [y u]T k1 : D °1

(Fig. 3). The desired stability margin ° ¡1
RS must obviously be

<° ¡1
1 . When designing the weights, care must be taken so that
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the bandwidth of N [fM; N g is a normalized right coprime fac-
torization (RCF) of Gs ] is not smaller than the bandwidth of T0

because this will lead to poor robust performance. Furthermore,
maxi ±º.W2

OG i W1; W2GW1/ : D °2 should not be too large. ( OG i are
the perturbed plant models, see Sec. II.) The desired performance
margin ° ¡1

RP must be >° ¡1
2 .

2) Design the ideal reference model T0. In general, this is done
using a performance-orientedcontrol system design method. In the
case of military aircraft, however, the MIL-STD can be used, see
Sec. II.

3) Choose a sensiblerange for ½ and grid this range.At each point
of the grid solve minimization (5) using the D– K iteration and the
� nite dimensionalapproximationof Eq. (6). Note that design exam-
ples indicate that two different pairs of .½o; ½i / that have the same
product lead to similar solutions. This is because of the structure
of D and depends on a) how well the gain of Dl.s/ interpolates
the minimizing Dl and b) how well the � nite dimensional problem
presented in the preceding section approximates Eq. (6). (See the
last comment of the next section.)

4) Plot ±RP and ° ¡1
RP against ½ . Both plots are monotonically de-

creasing. Pick the controller that guarantees the desired ° ¡1
RP .

5) Check time simulations and frequency responses of the result-
ing closed-loop system to verify that all of the controller speci� ca-
tions are satis� ed. If the guaranteed value of ±RP is too large, then,
assuming that T0 and °RS have been chosen sensibly, redesign the
weights. (The estimates mentioned in Sec. II can be used to relate
time-domain requirements to the RP level ±RP.)

If a postcompensatorW2 is used, then guarantee (2) is not mean-
ingful as such. Denote the perturbed plant model by OG. If it is
assumed that no uncertainty is associated with W2, then, at each
frequency

N¾
£
.I ¡ OGW1 K2W2/

¡1 OGW1K1W2 ¡ T0

¤

· N¾
¡
W¡1

2

¢
N¾
£
.I ¡ W2

OGW1K2/¡1W2
OGW1 K1 ¡ W2T0W ¡1

2

¤
N¾ .W2/

Because W2 is typically used for noise rejection, it is usually a
diagonal transfer matrix of low-pass � lters. If T0 is also chosen to
be a diagonal transfermatrix, emphasisinggood output decoupling,
then, from Eq. (2), it can be deduced that

N¾
£
.I ¡ OGW1 K2W2/

¡1 OGW1 K1W2 ¡ T0

¤
< ·.W2/±RP

Because ·.W2/ is commonly one at frequenciesup to just above the
bandwidth of T0 , the guaranteed robust performance level at these
frequencies will be equal to ±RP.

VI. Remarks on the Proposed Design Procedure
The setup illustrated in Fig. 3 was � rst considered in Ref. 3. The

following optimization problem was proposed:

min
stab K

®®®®®®®®®

2

6664

½2
£
.I ¡ Gs K2/¡1G s K1 ¡ T0

¤
½.I ¡ Gs K2/¡1 QM¡1

½G s.I ¡ K2G s/
¡1 K1 .I ¡ G s K2/¡1 QM¡1

½.I ¡ K2Gs/
¡1 K1 K2.I ¡ G s K2/¡1 QM¡1

3

7775

®®®®®®®®®
1

(7)

Minimization (7) does not always result in a control system with a
satisfactory stability margin. As ½ increases, ±RP decreases, but °RP

increases,reducing the guaranteedstabilitymargin.The structureof
the problemis not exploited.Because¹ [M. j!/] is boundedabove
by N¾ [M. j!/], minimization (7) will result in values of °RP greater
than or equal to the values of °RP resulting from minimization (5),
without the robust stability constraint.

An RP measure for the single DOF H1 loop shaping controller
is derived in Theorem 4.6 of Ref. 14. Let G s be the weighted plant
and fM; N g be a normalized RCF of G s . If the H1 loop shaping
controllerhas beenimplementedin the observerform, then the nom-
inal transfer matrix from references to outputs is Tr ! y D N . (It is
assumed that W2 D I .) If the weighted plant is perturbed to OG s , then

the transfer matrix from references to outputs will be perturbed to
OTr ! y .The RP measure is given by

k OTr ! y ¡ Nk1 · ®=sin.arcsin² ¡ arcsin®/

8 OGs : ±º .G s; OG s/ · ®, where ² D ° ¡1
RS is the achieved stability mar-

gin. Design experiencehas shown that ®=sin.arcsin² ¡ arcsin®/ is
larger than the values of ±RP achieved when designing controllers
using the method proposed in this paper for ® D ° ¡1

RP . Furthermore,
N may not be close to the desired transfermatrix from references to
outputs. The power of Vinnicombe’s bound14 is that it is a function
of ±º.Gs; OGs/.

The control system design speci� cations typically dictate that
Tr ! y . ´0/ D T0. ´0/ D I . This is not guaranteed by solving mini-
mization (5); all that is guaranteed is that

N¾ [Tr ! y. ´0/ ¡ I ] < ±RP

Thus, a constant pre� lter Tdc must be added to the control system
so that at ! D 0

Tr ! y Tdc D .I ¡ G s K2/¡1Gs K1Tdc D I

Unfortunately, Tdc will change the performance margin and the RP
level. Let the modi� ed transfer matrix from [r Á]T ! [z y u]T be
denoted by Mmod . It can be deduced under some mild assumption
(see Sec. 4.4 of Ref. 24) that

O°RP :D ¹ [Mmod. j!/] <
p

N¾ .Tdc/°RP C °RS

where O° ¡1
RP is the modi� ed performancemargin. It can also be shown

that

N¾ .Tdc/ < 1=.1 ¡ ±RP/ H) O°RP <
£p

1=.1 ¡ ±RP/
¤
°RP C °RS

This upper bound has been found to be quite conservative. Never-
theless, it indicates that the smaller the value of ±RP, the closer O°RP

will be to °RP. It has been observed that Tdc produces better model
matching at all frequencies because the optimization process tends
to give Tr ! y the same frequency response shape as T0 .

Intuition suggests that the need for a constant pre� lter can be
avoided by weighting r or z in Fig. 3 with a transfermatrix W , with
W ¡1 beinga high-pass� lter. Unfortunately,this leads to poor values
of ° ¡1

RP becauseW also weights M12 or M21 . This scheme essentially
optimizes nominal performance by optimizing robust performance
at low frequency; something that is not desired.

It is clear that the cost of Eq. (5) is not guaranteed to be mono-
tonically decreasing. [Minimization (5) is solved using the D– K
iteration, and it is assumed that the gain of Dl .s/ � ts the Dl data
perfectly.] This is because the � nite dimensional minimization that
is used to approximateEq. (6) optimizes over a subset of all stabiliz-
ing controllers.Nevertheless, the proposed design procedureworks
well in practice.

VII. HIRM Wind-Tunnel Model
The wind-tunnel model used for testing is geometrically similar

to the HIRM originally used to investigate the feasibility of using
nose suction as an actuator at high angles of attack.25;26 The origi-
nal HIRM is a control con� gured � ghter aircraft with conventional
control surfaces, tailplane, rudder, and canard, and new concept ac-
tuators, thrust vectoring,and nose suction. It has a lengthof 4.335m
and a semispan of 1.3 m. The wind-tunnelmodel, shown in Fig. 4, is
scaled down by a factor of � ve. The size of the model is essentially
limited by the wind-tunnel working section.

The rig (Fig. 4) is placed inside a 5 1
2

£ 4 ft low-speed turbulent
wind tunnel. The model aircraft has two DOF. It can yaw about the
vertical rod. (The yaw angle is denoted by Ã .) It can also roll about
an axis that coincides with its body x axis when Ã D 0 deg. (The
roll angle is denoted by Á.) The model is set at a pitch angle µ0 that
remains � xed throughout each experiment.

There are two actuators for each DOF. The differential tailplane
and thrusters at the top of the vertical rod provide rolling power,
and the nose suction and air jets at the rear of the plane provide
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Fig. 4 Photograph of the rig.

yawing power. The required rolling moment could not be achieved
by placing the roll jets inside the aircraft fuselage because the mo-
ment arm would be too small. The differential tailplane is actuated
by a high-speed,high-torque model aircraft servo. The valves used
to regulate the jets and suction have a very high bandwidth, and the
attitudeof the aircraft (Á and Ã ) is measured by two high-resolution
optical encoders.More details about the rig can be found in Ref. 10.

VIII. Controller Design and Flight Testing
Identi� ed data were used to producean LTI model of the rig about

30 deg of incidence,a wind-tunnel speed of 30 m/s, and wings level
� ight.10 The LTI model of the rig, which is denoted by G id and
includes valve dynamics but no encoder dynamics, has two inputs,
roll and yaw thrusters, and two outputs, roll Á and yaw Ã angle.
The moments produced by the thrusters are measured in Newton
meters and the anglesare measured in radians.The identi� ed model
is given in the Appendix and has eight states and a real, unstable
pole with a time constant of about 0.25 s.

An LTI controller is designed for the rig using the plant model
G id and the design procedure described in Sec. V. The feedback
variables are the two measured angles Á and Ã . The performance
speci� cations described in Sec. IV of Ref. 10 dictate that the desired
closed-loop bandwidth of both channels is about 5 rad/s.

The precompensator is chosen to be

4
s C 3

s

s C 5

0:02s C 1
Wfull

where

Wfull D
1

s C 0:979

µ
0:993s C 1:635 ¡0:002s C 0:591

¡0:043s C 0:867 1:030s C 1:823

¶

The nondiagonalweight Wfull hasbeendesignedusing theprocedure
proposedin Ref. 27 so that at low frequenciesthe minimum singular
value of the weighted plant becomes approximately equal to its
maximum singularvalue.No postcompensatoris used, and the ideal
reference model T0 is chosen to be

T0 D 22

s2 C 2 £ 0:8 £ 2s C 22

1
0:02s C 1

I2

When T0 is made diagonal, good output decoupling is emphasized.
Time simulations will be carried out using perturbed plant models
that result from changing the aerodynamic coef� cients @ RÁ=@Á and
@ RÃ=@Ã of the nominal plant model by up to §100%. (Note that
± RÁ D .@ RÁ=@Á/±Á C .@ RÁ=@Ã/±Ã C ¢ ¢ ¢.) The º gap between every
perturbed weighted plant and the nominal weighted plant is ·0:15.
The constraint ° ¡1

RS > 0:25 is imposed on the stability margin. Note
that constraints are also imposed on the size of two of the six matrix
variables of the LMI problem solved to obtain the controller (the
trace penalty in Table 1). The range chosen for ½ is the interval
[2, 4]. This range is gridded, and minimization (5) is solved at each
grid point. The result of the D– K iteration for ½ D 3 is given in

Table 1 D–K iteration for ½ = 3

Iteration °RP °RS O°RP States of Dl .s/ Trace penalty

1 15.90 3.67 7.62 0 10¡4

2 6.53 3.69 7.61 2 10¡4

3 6.48 3.69 7.62 2 10¡4

4 5.94 3.81 7.40 2 10¡6

5 5.55 3.95 6.62 4 10¡6

6 6.05 3.98 6.61 4 10¡8

7 5.71 3.93 6.44 4 10¡6

Fig. 5 Nominal response.

Fig. 6 Nichols plots for constrained (——) and unconstrained (– – –)
case.

Table 1. A constant pre� lter is required. (The singular values of Tdc

are 1.60 and 1.45.) The guaranteed ±RP D 0:716 and O° ¡1
RP D 0:155.

The synthesized controller is model reduced from 27 to 15 states
with no cost, and the implemented controller has 20 states.

The time responseof thenominalmodel G id is illustratedin Fig. 5.
The dash–dot and dashed lines in Fig. 5 are the ideal roll and yaw
response. The demanded plant inputs can be obtained from Fig. 5
by multiplying the rolling and yawing moments by ¡1.

Figure 6 illustrates the Nichols plot of the transfer function that
results from breaking the yaw loop at the plant input for both the
constrained case [minimization (5) solved with ° ¡1

RS > 0:25] and
unconstrained case [minimization (5) solved with no constraint on
° ¡1

RS ]. When a constraint is imposed on the stabilitymargin, the gain
and phase margins have improved while maintaining good time-
response properties. (Gain margin improves from ¡4.9 to ¡5.4 dB
and phase margin from 29.7 to 32.0 deg.)
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Fig. 7 Perturbed responses.

Figure 7 illustrates responses to step commands using the set
of perturbed plant models described previously. As in Fig. 5, the
dash-dot and dashed lines are the ideal roll and yaw response.

The controller tested in the wind tunnel is designed with the ideal
reference model

T0 D
22

s2 C 2 £ 0:8 £ 2s C 22

1

0:02s C 1
I2

The bandwidth of T0 has been reduced to ensure that the valves
do not reach their position limits because of a large reference de-
mand. The achieved° ¡1

RS D 0:254. The guaranteed O° ¡1
RP D 0:185, and

±RP D 0:600. The implemented controller has 19 states.
The dSPACE GmbH software and hardware are used to control

the wind-tunnelmodel.The processorusedrunsat 40MHz (DS1003
digital signal processing board) and the 2-DOF controller was
implemented at 100 Hz.

As can be seen in Figs. 8 and 9, the controllerperforms very well.
The 2-DOF controllerdoes notpositionor rate limit the thrusters,but
uses them more than the 1-DOF controller � ight tested in Ref. 10.
The increased usage is probably because the weighted plant used
for controller synthesis did not contain low-pass � lters for noise
rejection. Note that the large actuator usage drained the tank that
supplied the compressed air and, as a result, closed-loop perfor-
mance degraded, for example, see the overshoot in yaw angle in
Fig. 9.

Our design procedure is conceptually and computationallymore
complex than standard 2-DOF H1 loop shaping, that is, the design
procedureproposedin Ref. 3. Also, the synthesizedcontrollershave
more states than those obtained using standard 2-DOF H1 loop
shaping (no model reduction), for example, in the case of the HIRM
wind-tunnel model our 2-DOF control law has an extra eight states.
However, if the control law speci� cations boil down to the three
guarantees given in Sec. II, then our approach is more systematic.
If the required disturbance rejection dynamics are much faster than
the nominal tracking dynamics, then it may be possible to meet
the control law speci� cations using H1 loop shaping or standard
2-DOF H1 loop shaping.

Once thedesignerbecomesfamiliarwith themetrics°RS, ±NP; ±RP,
and °RP and how they relate to the control law speci� cations, then
our design procedure is straightforward to use and not much more
conceptuallycomplexthanstandard2-DOF H1 loopshaping.Com-
putational complexity was not found to be an issue in the problems
investigated;in the largest problem examined Dl .s/M .s/Dr .s/ had
31 states, that is, the resulting LMI problem had three LMIs and
approximately 2200 decision variables. Note that LMI Lab23 was
used to solve the LMI problem and that the state-space data of
Dl.s/M.s/Dr .s/ were scaled with a diagonalsimilarity transforma-
tion produced with the ¹-tools command syscl; larger problems
may require more reliable solvers and better conditioning tech-
niques. Because the additional controller states correspond to the
states of the D scales that the designer sets directly, it is up to the

Fig. 8 Angle of Ádem = §§ 10 deg and Ãdem = 0 deg.

Fig. 9 Angle of Ãdem = §§ 10 deg and Ádem = 0 deg.

designer to decide whether using additional states has a signi� cant
impact on the overall closed-loop performance.

IX. Conclusions
A robust 2-DOF controller has been designed for an actively

controlledwind-tunnelmodel. The proposeddesign procedureuses
the standard 2-DOF H1 loop shaping setup, but the optimization
problem solved for controller synthesis is new: 1) The structure
of the problem is exploited by using ¹-synthesis techniques. 2) A
robust stabilityconstraintis includedin the optimization.Exploiting
the structure of the problem potentially leads to tighter closed-loop
guarantees, and adding the RS constraint enables the designer to
meet systematically additional control law speci� cations.

Controller synthesis is performed using a D–K iteration; the D
step of the iteration is solved as in ¹ synthesis, and the K step,
which is a constrained H1 norm minimization, is approximated
with an LMI problem. For the examples considered, computational
complexity associated with solving the LMI problem did not limit
the practicality of our approach.

Conceptually, after becoming familiar with the metrics °RS,
±NP; ±RP, and °RP, our design procedure should become as straight-
forward to use as standard 2-DOF H1 loop shaping. Controller
order is higher than in standard 2-DOF H1 loop shaping, but is
controlled by the designer and is not critical in all applications.

The controller designed for the HIRM wind-tunnel model was
� ight tested and was found to perform very well.

Appendix: Identi� ed Mod
The state-space matrices of the wind-tunnel model’s rigid-body

dynamics and the transfer function of each valve are
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